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ABSTRACT
Context. Cosmic ray electrons (CREs) are a crucial part of the ISM and are observed via synchrotron emission. While much modelling
has been carried out on the CRE distribution and propagation of the Milky Way, little has been done on normal external star-forming
galaxies. Recent spectral data from a new generation of radio telescopes enable us to find more robust estimations of the CRE
propagation.
Aims. To model the synchrotron spectral index of M 51 using the diffusion energy-loss equation and to compare the model results
with the observed spectral index determined from recent low-frequency observations with LOFAR.
Methods. We solve the time-dependent diffusion energy-loss equation for CREs in M 51. This is the first time that this model for CRE
propagation has been solved for a realistic distribution of CRE sources, which we derive from the observed star formation rate, in an
external galaxy. The radial variation of the synchrotron spectral index and scale-length produced by the model are compared to recent
LOFAR and older VLA observational data and also to new observations of M 51 at 325 MHz obtained with the GMRT.
Results. We find that propagation of CREs by diffusion alone is sufficient to reproduce the observed spectral index distribution in
M 51. An isotropic diffusion coefficient with a value of 6.6± 0.2 × 1028cm2 s−1 is found to fit best and is similar to what is seen in the
Milky Way. We estimate an escape time of 11 Myr from the central galaxy to 88 Myr in the extended disk. It is found that an energy
dependence of the diffusion coefficient is not important for CRE energies in the range 0.01 GeV–3 GeV. We are able to reproduce the
dependence of the observed synchrotron scale-lengths on frequency, with l ∝ ν−1/4 in the outer disk and l ∝ ν−1/8 in the inner disk.
Key words. ISM: cosmic rays – galaxies: individual: M 51 – galaxies: ISM – galaxies: magnetic fields – radio continuum: galaxies
1. Introduction
Cosmic rays electrons (CREs) are transported through the inter-
stellar medium via two processes, convection in a galactic wind
or diffusion. These two process can be distinguished via their
CRE propagation length as a function of electron energy (Mulc-
ahy et al. 2014). The propagation length depends upon the ratio
of the transport speed, which can differ strongly between diffu-
sive and convective transport, to the CRE lifetime, which is de-
termined by energy loss rates. Diffusion is found to be the most
dominant propagation process in the Milky Way (Strong et al.
2011).
On a macroscopic level, the process of CRE diffusion has
been shown to explain the highly isotropic distribution of CREs
as well as their retainability within a galaxy. On a microscopic
level, diffusion of CREs is the result of their scattering from tur-
bulent magnetohydrodynamic waves and discontinuities of the
interstellar plasma.
Diffusion would also explain why highly charged particles
have highly isotropic distributions and why they are well re-
tained in galaxies. The diffusion of CREs is described by the
diffusion energy-loss equation (Longair 1994; Kardashev 1962)
and shows the evolution of the energy spectrum as the parti-
cles diffuse from their sources. Such losses would include syn-
⋆ david.mulcahy@manchester.ac.uk
chrotron and inverse Compton (IC) losses in normal galaxies but
Bremsstralung and ionisation losses can be important in starburst
galaxies (Lacki et al. 2010).
Modelling of the propagation of CREs is important in order
to understand the nature of the synchrotron emission observed at
different frequencies and to understand if other processes are at
work, such as thermal free-free absorption. While thermal free-
free absorption is unlikely to flatten the nonthermal spectrum
at 333 MHz (Basu et al. 2015), it could start playing a role at
even lower frequencies. With accurate spectral index maps now
being produced for external galaxies from a variety of radio tele-
scopes, it is essential that these results are understood with the
aid of numerical models. It is also possible to use these models to
help constrain better the magnetic field strength in regions where
there is low star formation, such as the extended disk or halo.
Segalovitz (1977) studied the radial variation of the spec-
tral index of M 51 using analytical solutions of the diffusion loss
equation. In his study, several different source functions were
used, including a spheroidal source function with unrealistic val-
ues for the magnetic field strength of M 51. In addition to us-
ing unrealistic values for the magnetic field strength of M 51,
these kinds of source functions are now dated and a source func-
tion extracted from the observed star formation of the galaxy
should be used. Furthermore, advances in computing now enable
us to solve the diffusion energy-loss equation via approxima-
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tion rather than analytical modelling. While analytical solutions
for simple cases can give insight into the relations between the
quantities involved and are good for rough estimates, they can
become so complicated that no insight is gained (Strong et al.
2011). On the other hand, numerical models are intuitive because
they are able to generate the cosmic ray distribution over the
galaxy for all species, the best example being the Galactic Prop-
agation (GALPROP) code (Moskalenko & Strong 1998; Strong
& Moskalenko 1998).
The value for the diffusion coefficient has been found to be
around D = (4−6) ×1028cm2 s−1 by fitting diffusion models with
direct measurements of CR nuclei (i.e., secondary-to-primary ra-
tios like boron to carbon) within the solar neighbourhood (Jones
et al. 2001; Moskalenko et al. 2002)
While our own Galaxy has been modelled extensively using
the GALPROP code, including recent work using the observed
synchrotron spectral index to constrain the parameters govern-
ing CRE propagation (Strong et al. 2011), external galaxies have
not been modelled with both diffusion and energy losses of
CREs since Segalovitz (1977)(M 51), Strong (1978)(NGC891)
and Pohl & Schlickeiser (1990)(NGC4631). Additionally, these
were analytical models. Recently, Buffie et al. (2013) theoret-
ically reproduced the perpendicular diffusion coefficient found
from radio observations of NGC253 (Heesen et al. 2009).
Lacki et al. (2010) used a steady-state model for the cosmic
ray distribution in a homogeneous disk to predict the far-infrared
(FIR) radio correlation (van der Kruit 1971, 1973). However, the
authors note that in weaker starbursts, where the cooling and es-
cape times are several megayears, the evolution of the CREs via
diffusion and convection become important and the steady-state
approximation will fail.
Therefore, for a galaxy like M 51, the diffusion term becomes
important and has to be modelled along with the energy losses
of the CREs. Creating a numerical model to solve this equation
would enable us to investigate the importance of the different en-
ergy loss processes and estimate the magnitude of the diffusion
coefficient for different galaxies. It would also enable us to com-
pare the exponential scale lengths , Iν ∝ exp (−r/l) where Iν is
the synchrotron intensity at frequency ν and r is the galactocen-
tric radius, to observations and thus indicating if CRE propaga-
tion via convection is important in the disk. Using the extent of
the observed emission as a measure of the size of the synchrotron
disk is hampered by the observational sensitivity. Scale lengths
at different frequencies provide more useful observational mea-
sures of the disk extent to compare to models.
Table 1. Physical parameters of M 51=NGC 5194
Morphology SAbc
Position of the nucleus α(2000) = 13h29m52s.709
δ(2000) = +47◦11′42.59′′
Position angle of major axis −10◦ (0◦ is North)
Inclination −20◦ (0◦ is face on)a
Distance 7.6 Mpcb
Optical radius (R25) 3.9′ (8.6 kpc)c
(a) Tully (1974) (b) Ciardullo et al. (2002) (c) Bigiel et al. (2010)
In this paper we will model the cosmic ray electron distri-
bution in the disk of M 51 and thereby compare results to re-
cent observations at numerous frequencies. We will also present
a new map of M 51 observed at 325 MHz with the Giant Meter-
wave Radio Telescope (GMRT). In Section 2 we will introduce
the CRE propagation model that was used to model the diffusion
loss equation including inputs such as magnetic field strengths
based on observations. In Section 3 we shall present the obser-
vational data used in this work, the Very Large Array (VLA)
maps at 1.4 GHz and 4.8 GHz Fletcher et al. (2011), Low Fre-
quency Array (LOFAR) map at 151 MHz (Mulcahy et al. 2014)
and our new GMRT map at 325 MHz. Section 4 we will investi-
gate the diffusion and injection of CREs in M 51 with no energy
losses. Section 5, we will introduce energy losses to our model
and compare the modelled spectral index to the observational
spectral index obtained in Mulcahy et al. (2014). In Section 6, we
shall introduce an escape term into our model and determine im-
proved estimations for the diffusion coefficient and escape time.
We shall also will investigate the nature of energy dependent dif-
fusion. Section 6.3 we will compute the observed exponential
scale lengths for each observing frequency and compare with
our model’s results. Finally, Section 8 and 9, will summarise and
discuss the findings of this work as well as predicting the spec-
tral index and exponential scale lengths of the radio continuum
at LOFAR Low Band Antenna (LBA) frequencies.
2. A cosmic ray propagation model for M 51
We assume that diffusion is the primary means by which the cos-
mic ray electrons in M 51 propagate from their sources and that
as they propagate they lose energy. The equation describing the
distribution of cosmic ray electrons is (Berezinskii et al. 1990,
Eq. (5.6))
∂N
∂t
= D(E)∇2N + ∂
∂E
[b(E)N] + Q(r, E) − N
τ
, (1)
where N(r, E, t) is the number of particles as a function of posi-
tion r(r, φ, z) in cylindrical coordinates, energy E and time t. The
diffusion coefficient D(E) may depend on the energy of the elec-
trons, but is otherwise assumed to be constant. Energy losses,
described by the term
b(E) ≡ −∂E/∂t,
are restricted to synchrotron emission and inverse Compton scat-
tering, the two dominant energy loss mechanisms at the energies
of interest since both are proportional to the squared energy of
the CRE. Thus we have
b(E) = βE2
with E measured in GeV and (Berezinskii et al. 1990, Eq. (5.2))
β = 8 × 10−17(Urad + 6 × 1011B(r)2/8π) GeV−1 s−1, (2)
where Urad ≈ 1 eV cm−3 is the energy density of the interstellar
radiation field and B(r) is the radially averaged magnetic field
strength in Gauss. Cosmic ray electrons are injected using the
source term Q(r, E), which may vary with position but is as-
sumed to be constant in time (see Section 2.1). The final term
on the right hand side models the escape of electrons from the
galaxy on a timescale τ.
Our aim in this paper is to model the observed radial varia-
tion in the spectral index and the exponential scale length of the
synchrotron emission in M 51. The observational data are av-
eraged in rings, thus removing any azimuthal dependence, and
synchrotron intensity is the integrated emission along the line-
of-sight, this removing any vertical dependence. So Eq. (1) can
be reduced to a one-dimensional model, with spatial variations
only in the radial direction,
∂N
∂t
=
D(E)
r
∂
∂r
(
r
∂N
∂r
)
+
∂
∂E
[b(E)N] + Q(r, E) − N
τ
. (3)
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The domain in radius is 0.05 kpc < r < 15.05 kpc and the cosmic
ray electron energies are modelled in the range 0.01 GeV < E <
5 GeV.
We make Eq. (3) dimensionless by scaling the variables:
t → t0t′, r → r0r′, E → E0E′, B → B0B′, D → D0D′ and
Q → E−γ0 Q0Q′ where primed variables are dimensionless and
the subscript 0 denotes the value used for scaling. This gives
∂N
∂t
= Θ
D(E)
r
∂
∂r
(
r
∂N
∂r
)
(4)
+Φ
∂
∂E
[E2N] + ΨB(r) ∂
∂E
[E2N] + Q(r)E−γ0 + N
τ
,
where all variables are now dimensionless and we have chosen
units for the injection such that Q0t0E−γ00 = 1. The dimensionless
constants are
Θ =
t0D0
r20
, Φ = 8 × 10−17Uradt0E0, Ψ = 2 × 10−6t0E0B20. (5)
For typical values t0 = 109 Gyr, r0 = 10 kpc, E0 = 1 GeV, B0 =
10 µG and D0 = 1 × 1028cm2 s−1 we have
Θ =
1
3 , Φ = 2.4, Ψ = 6.
Throughout the paper, however, we report all results using di-
mensional values.
Equation (5) was discretised and solved numerically using a
3rd order Runge-Kutta scheme, 4th order spatial derivatives and
a 1st order upwind scheme for the energy losses. We imposed a
zero-gradient boundary condition on N(r) at the inner boundary
and a constant-gradient on N(rmax) at the outer boundary, where
rmax = 15.05 kpc These conditions allow electrons to escape the
galaxy at the outer radial boundary, in addition to the losses in
the vertical direction modelled by the last term on the right hand
side of Eq. (3). The spatial resolution was ∆r = 50 pc and we
used 300 logarithmically spaced bins to discretise the cosmic
ray electron energy.
The synchrotron intensity I at a given frequency ν is assumed
to be directly proportional to the number of electrons with a par-
ticular energy and assumed to emit at their critical frequency,
Iν(r) ∝ N(r, Eν), where
Eν =
√
νMHz
16 MHzB⊥
GeV, (6)
with B⊥ the magnetic field strength in the plane of the sky in µG,
taken from the magnetic field strength profile shown in Fig. 1
(left). Since we only consider relative intensities derived from
the model — the spectral index between two frequencies and the
variation of emissivity with radius — we do not need to calculate
the synchrotron intensity in physical units.
2.1. The distribution of cosmic ray electron sources in M 51
A CRE source distribution, Q(r, E), is required by Eq. (3). Since
supernova remnants (SNR) are the most likely origin of the
CREs and number of SNR is governed by the star formation
rate, we shall use the radial distribution of the star formation rate
of M 51 to define Q(r). In the Milky Way, Strong et al. (2007)
showed that cosmic ray sources are located near the Galactic
disk and have a radial distribution similar to that of the SNR.
The radial distribution of the star formation rate for M 51 of
Kennicutt et al. (2007) was used to infer the radial profile of the
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Fig. 1. Radial profile of the magnetic field strength (left plot) and star
formation rate (right plot). These profiles are used in our model to deter-
mine the synchrotron losses, via B(r) in Eq. (2) and source distribution
for the CREs, Q(r) in Eq. (3).
supernova rate. Kennicutt et al. (2007) used a combination of Hα
and 24 µm data, which gives reliable extinction corrected ionis-
ing fluxes and hence the recent (say within the last 10 Myr) star
formation rate. This decreases rapidly from the central region
out to 2 kpc with the interarm regions seen as dips at radii of 1,
2 and 4 kpc. The data of Kennicutt et al. (2007) only extends to
r = 8 kpc. For r > 8 kpc we make a linear extrapolation from the
star formation rate at r = 7.5 kpc to zero. Since the star forma-
tion rate is already extremely low at r = 7.5 kpc this means that
effectively our model will contain no CRE sources for r > 8 kpc.
To determine the supernovae (SNe) rate, we use the mul-
tiple part power-law initial-mass-function (Kroupa 2001) using
masses from 0.08 M⊙ to 120 M⊙. We set our maximum mass to
120 M⊙ as this is the upper limit found where there exists the
possibility of the destruction of the star from thermal pulsations
(Schwarzschild & Härm 1959; Beech & Mitalas 1994).
We assume that stars with M > 8M⊙ become SNes and so
the fraction of mass that goes into SNes is thus 25%.
This fraction is applied to the star formation rate (SFR) ra-
dial profile of Kennicutt et al. (2007) (Fig. 1) to find the radial
distribution of SNe mass per year.
This model predicts that 1.2M⊙ yr−1 are converted to SNe
in M 51. Taking the mean mass of a SNe to be 12M⊙, M 51
should produce on average 1 SNe per 10 years. For compari-
son the Milky Way produces about 1 SNe per 50 years and one
expects M 51 to have a greater SNe rate due to its higher star
formation rate. Furthermore it should be noted that 3 SNe have
been detected in M 51 in the last 20 years (1994I (Puckett et al.
1994), 2005cs (Maund et al. 2005), 2011dh (Arcavi et al. 2011)).
In this model, this injection profile is normalised.
Additionally, we assume that the primary CREs are injected
into the galaxy with a power-law spectra Q(E) = CE−γ0 with the
initial slope of the energy spectrum γ0 = 2.0. This corresponds
to I(ν) = Dν−0.5, where I(ν) is the synchrotron intensity at fre-
quency ν which is observed for shell type supernova remnants
in the Milky Way (Green 2001). γ0 = 2.0 is the standard value
for the theory of diffusive shock acceleration in the case of high
Mach numbers (Bell 1978a,b). In our model, CREs will be in-
jected at all times and at all radii but weighted with SFR(r) as
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shown in Fig. 1 (right). 2% of the SNe energy is assumed to be
accelerate CREs.
2.2. The distribution of the magnetic field strength
The profile of total magnetic field strength, needed for modelling
the synchrotron losses was determined from the total intensity
emission of the LOFAR 151 MHz image (Mulcahy et al. 2014)
by assuming equipartition between the energy densities of cos-
mic rays and magnetic field, using the revised formula of Beck
& Krause (2005). The total magnetic field strength scales with
the synchrotron intensity Isyn as:
Btot,⊥ ∝ I 1/(3−α)syn , (7)
where Btot,⊥ is the strength of the total field perpendicular to the
line of sight. Further assumptions were required such as the syn-
chrotron spectral index of α = -0.8 and the effective pathlength
through the source of 1000 pc/ cos i = 1060 pc, where i is the
inclination of the galaxy. It was also assumed that the polarised
emission emerges from ordered fields with all possible inclina-
tions. Here we assume a ratio of CR proton to electron number
densities of K0 = 100, which is a reasonable assumption in the
star-forming regions in the disk (Bell 1978c). Large uncertain-
ties for the pathlength and K0 of a factor of 2 would effect the
result only by 20%. The effect of adjusting α to between -0.7
and -0.9 produces an error of 5% in magnetic field strength. Us-
ing these assumptions, we created an image of the total magnetic
field strength. The AIPS task ’IRING’ was used to to create a ra-
dial profile of magnetic field strength, taking the inclination and
position angle of the galaxy into account.The radial profile of
our magnetic field strength in µG, is shown in Fig. 1(left).
3. Observational data
In our analysis we will use observational data of M 51 from sev-
eral different frequencies. These include VLA observations cov-
ered in Fletcher et al. (2011) at 1.4 GHz & 4.8 GHz and LOFAR
High Band Antenna (HBA) observations (151 MHz) from Mulc-
ahy et al. (2014). Details of these observations and their data
reduction are described in the respective papers. In addition to
these observations we shall use GMRT data at 325 MHz. Details
of the observation and subsequent data reduction are outlined
below.
3.1. GMRT 325 MHz observation and data reduction
M 51 was observed in full synthesis mode with the Giant Me-
terwave Radio Telescope (GMRT) at 325 MHz. GMRT is a full
aperture synthesis telescope located near Pune, India (Swarup
1990). The GMRT consists of 30 steerable 45 m diameter dishes
over an area of 25 km, and operated at six frequencies 150, 230,
325, 610 and 1420 MHz. The primary beam of the GMRT at
325 MHz of our observation is about 810.′, which is approxi-
mately three times larger than the 14′ size of M 51. This enables
us to map M 51 with one pointing at 325 MHz. Furthermore,
GMRT has 14 antennas located in a central 1 square km, which
provides dense UV coverage for short spacing. On the other hand
the largest baseline of GMRT is about 25 km, thus enabling high
angular resolution. The 325 MHz observations were performed
on 25/11/2006 using the old hardware correlator backend at the
GMRT. The 32 MHz bandwidth was split into two sidebands of
16 MHz each. We used the higher frequency sideband centred at
333 MHz.
The raw visibilities in Flexible Image Transport Files (FITS)
format were used to analyse these data. The standard routines
of AIPS (Astronomical Image Processing System)1 were used to
reduce these data. The calibrator 3C286 was used both as flux
and phase calibrator. The flux scale of Reynolds (1994)2 was
used. In the full synthesis run of approximately 8 hours, 2 hours
were spent on the calibrator and 6 hours on M 51. The calibrator
data were flagged for both bad baselines and radio frequency
interference and were subsequently used to get the band pass
solution and time based gain solutions for each antenna. These
solutions were then applied to the source, M 51. Data on source
were further edited for interference and the iterative procedure
of imaging (using facets) and phase only self calibration was
performed several times until a good point source model of the
field was established. At the last stage both amplitude and phase
calibration were applied to the dataset to get the final maps. After
flagging, the final image was made with 12 MHz bandwidth.
We first cleaned the point sources from each facets in the im-
age using the BGC clean algorithm (Clark 1980) and finally the
diffuse emission of M 51 was cleaned using the SDI algorithm
(Steer et al. 1984). A Briggs weighting with robust parameter of
0 in AIPS was used. Finally the primary beam correction was
applied.
Fig. 2. M 51 at 325 MHz observed with the GMRT. Contours are from
900 µJy/beam to 90 mJy/beam in steps of 1.5 × 900 µJy/beam.
The final image is shown in Fig. 2 at 15′′ resolution, having
an rms noise of 200 µJy/beam. The disk extends out further than
seen at 1.4 GHz but not as far as seen in 151 MHz (Mulcahy et al.
2014) which is expected due to synchrotron losses being greater
at higher frequencies. Like the 151 MHz map, the disk does not
extend out uniformly in radius with an excess of emission seen
to the north of the galaxy most likely due to the interaction with
NGC 5195. We also see a hint of the HI tidal tale seen by (Rots
et al. 1990). However, deeper observations would be needed to
confirm this. The arm and interarm regions are easily seen at
325 MHz which is in stark contrast to NGC 6946 at the same
frequency (Basu et al. 2012). M 51, which has stronger magnetic
fields than most galaxies due to its interaction with NGC 5195
causes the CREs to lose their energies on a shorter timescale
than in NGC 6946.
1 http://www.aips.nrao.edu/
2 http://www.atnf.csiro.au/observers/memos/d96783 1.pdf
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4. Modelling the radial diffusion of CREs only
We expect that all of the terms in Eq. (3) — diffusion, energy
losses, source properties and the escape term — will be needed
to obtain a good model for the observed radial distribution of the
synchrotron spectral index. However, we will build up the com-
plexity of the model gradually, in order to develop a better un-
derstanding of the role that the different physical properties and
processes play. Until energy losses are implemented, in Sect. 5,
we obviously will not see any spectral index changes.
4.1. Diffusion with a single injection of cosmic ray electrons
First, let us consider the case of single injection of CREs, which
then diffuse away from their sources.
Fig. 3 shows a single injection of CREs with no energy
losses, using the source term Q(r) based on the S FR(r) shown
in Fig. 1 at t = 0 with the diffusion coefficient set to be Dr =
2.8 × 1028cm2 s−1, which is a similar value to the Milky Way
(Strong et al. 2007). As expected the CRE distribution through-
out M 51 becomes increasingly uniform. We see the initial dif-
ference between the arm (r = 5.5 kpc) and interarm (r = 4 kpc)
CRE density become smeared out by diffusion within 10 Myr.
This is naturally reflected in the increase of the CRE exponential
scale length lcr, N ∝ exp (−r/ lcr), with the scale length increas-
ing from 1.08 kpc at 10 Myr to 3.32 kpc at 80 Myr. A scale length
of lcr ≈ 3 kpc is compatible with the observed values for M 51,
which are discussed in more detail in Sect. 7. The steep decrease
in N(r), which begins at approximately 7 kpc, is due to the ab-
sence of sources in the S FR(r) (Fig. 1) for r > 7 kpc. This grad-
ually disappears with time, as the CREs diffuse to larger radii.
The CREs eventually leave the galaxy at r = rmax resulting
in a decrease in the total number of CREs with time as shown in
Fig. 4.
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Fig. 3. The change in the distribution of CREs at energies correspond-
ing to an emission frequency of 1.4 GHz with time for a diffusion only
model. A single injection of CREs, Q(r), occurred at t = 0. N(R) is in
arbitrary units.
The effect of varying the diffusion coefficient on the CRE
radial distribution is easily seen in Fig. 5. For a greater value
of Dr, the interarm and arm contrast of M 51 disappear more
quickly with time. When Dr = 5.8 × 1028cm2 s−1, after 5 Myr,
the interarm and arm contrast of the initial injection of CREs
has nearly disappeared. On the other hand, with Dr = 1.0 ×
1028cm2 s−1, the arm, interarm contrast is still apparent.
0 50 100 150 200 250 300
Time (Myrs)
104
105
106
N
(R
)
Dr = 1.0 × 1028 cm2 s−1
Dr = 2.8 × 1028 cm2 s−1
Dr = 5.8 × 1028 cm2 s−1
Fig. 4. The decrease in the total number of CREs with time, for a single
injection of CREs at t=0. N(R) is in arbitrary units.
Another effect of increasing the diffusion coefficient is the
speed in which the CREs are able to diffuse out of the galaxy
itself. Fig. 4 shows the decrease of the total number of CREs at
all energies of our model for 300 Myr after a single injection was
implemented at t=0. Naturally our model shows the fastest de-
crease of CREs for greater diffusion coefficients. The total num-
ber of CREs would be expected to decrease to zero but the rate
of decrease will lessen as the gradient of the radial distribution
stabilises.
1 2 3 4 5 6 7
R (kpc)
102
103
N
(R
)
Dr = 1.0 × 1028 cm2 s−1
Dr = 2.8 × 1028 cm2 s−1
Dr = 5.8 × 1028 cm2 s−1
Fig. 5. The distribution of CREs at energies corresponding to an emis-
sion frequency of 1.4 GHz after 5 Myr while varying the diffusion coef-
ficient with a single injection of CREs. N(R) is in arbitrary units.
4.2. Diffusion with continuous injection of cosmic ray
electrons
One would expect the star formation to change in M 51 as its
companion galaxy, NGC 5195, has likely passed through the disk
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of M 51 several times (Theis & Spinneker 2003; Salo & Lau-
rikainen 2000). Several numerical investigations have shown that
interactions and mergers can trigger a strong nuclear starburst
(Cox et al. 2006; Springel 2000). It is worth noting that this may
not be always the case as the strong tidal interactions can remove
large quantities of gas from the galaxy disks ejected to tidal tails
as seen in HI for M 51. In addition to this, Di Matteo et al. (2007)
showed that on average, galaxies that pass too close to one an-
other produce the lowest bursts of star formation. Therefore a full
time dependent injection function for CREs requires a model for
the SFR history, which is out of the scope of this paper. Instead,
we consider a continuous, time-independent injection of CREs.
This continuous injection is defined as a single injection but just
reapplied at each timestep.
Fig. 6 shows the increasing number of CREs in the galaxy
with time. In the extended disk, r > 7.5 kpc, where the source
injection is zero, the change is most dramatic as the inner disk
CREs diffuse into this region. Fig. 6 shows that the CRE popula-
tion continues to increase with time since fewer CREs leave the
galaxy at the outer boundary, rmax = 15.05 kpc, than are injected
at each timestep via Q(r), and so an equilibrium is not reached.
The electrons will need to leave the galaxy via a second process
in order for this to take place and this will be addressed later in
this paper.
With continuous injection, the CRE exponential scale length
is lcr = 0.92 kpc at 10 Myr and lcr = 2.19 kpc at 80 Myr. This is
shorter than in the case of a single injection of CREs, since the
addition of new CREs at each timestep emphasises the influence
of the source distribution and reduces the influence of diffusion.
These scale lengths are significantly shorter than the observed
values (Sect. 7).
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Fig. 6. The change of the radial distribution of CREs at energies cor-
responding to an emission frequency of 1.4 GHz in time with diffusion
and a continuous injection of CREs. N(R) is in arbitrary units.
Fig. 7 shows the effect that varying the diffusion coefficient
has on the CRE radial distribution after 5 Myr. Here, due to the
continuous injection of CREs, the interarm and arm contrast is
much more identifiable than in the single injection case. This
contrast is still slightly apparent even for the larger diffusion co-
efficient Dr = 5.8 × 1028cm2 s−1.
Fig. 8 shows the evolution of the total CRE population over
the whole galaxy and energies with a continuous injection of
CREs, showing a sharp increase for the first few Myrs. This
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Fig. 7. The radial distribution of CREs at energies corresponding to an
emission frequency of 1.4 GHz at 5 Myr with diffusion using different
diffusion coefficients and a continuous injection of CREs. N(R) is in
arbitrary units.
increase in population slows as the CREs have time to diffuse
through the galaxy and leave at rmax. Naturally, the greater the
diffusion coefficient, the slower the increase in N. For Dr =
7 × 1028cm2 s−1, N(t) approaches a constant after about 0.5 Gyr,
as the number of CRE injected at each timestep equals the num-
ber leaving the galaxy at rmax = 15.05 kpc.
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Fig. 8. The evolution in time of the total number of CREs in M 51 over
the whole galaxy and energies with continuous injection for various dif-
fusion coefficients.
5. Diffusion of CREs with energy losses
Now we will include the energy losses due to synchrotron emis-
sion and inverse Compton scattering. Since these processes de-
pend on E2 they will produce variations in the distribution of
N(r, E, t) in time, position and energy. The balance between dif-
fusivity, energy losses and the location of sources determines the
distribution of CREs at any given time.
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The model CRE source distribution, Q(r), is derived from
the radially averaged star formation rate and contains no time-
dependence. By time-stepping Eq. (5) until a steady solution is
reached (i.e. until ∂N/∂t = 0), we are assuming that the observed
radially averaged CRE distribution in M 51 is also in a steady
state.
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Fig. 9. The evolution of the spectral index (1.4 GHz-151 MHz) at dif-
ferent radial ranges for a model with Dr = 2.8 × 1028cm2 s−1 (black),
6.6 × 1028cm2 s−1 (red) and B = 10 µG.
Fig. 9 shows that the spectral index, for the case of a constant
magnetic field B = 10 µG, reaches a steady state throughout the
model galaxy in a timescale of about 250 Myr. Initially, the spec-
tral index is constant, as the injection term Q(r) is dominant and
the number of CREs in the galaxy builds up (see Fig. 8). Cosmic
ray electrons with energy E0 lose half their energy in the time
(Berezinskii et al. 1990; Kardashev 1962)
τ =
1
βE0
where β is defined in Eq. (2). Thus energy losses for the CREs
that emit at 1.4 GHz, which have the energy of about 3 GeV
(Eq. (6), are significant after τ ∼ 100 Myr and the spectral in-
dex steepens significantly after this time. The interplay between
CRE injection, diffusive propagation and energy losses then re-
sults in variations in the spectral index. An equilibrium is not
established until the CREs that originate in the inner galaxy,
r ≤ 1 kpc where the source term is by far the strongest, reach
the outer galaxy, which takes a time τ ∼ L2/Dr ∼ 250 Myr for
diffusion over 10 kpc. In the rest of the paper we will only show
model results for steady states.
5.1. Model with energy losses and constant magnetic field
strength
Initially, we use a constant magnetic field strength to calculate
the energy loss rate due to synchrotron emission in Eq. (2), set-
ting B = 10 µG. Free-free absorption has been neglected. Fig. 10
shows the modelled non-thermal spectral indices between the
different frequencies 1.4 GHz, 333 MHz and 151 MHz. The
spectral index was calculated for each pair of frequencies. The
difference seen between the computed synchrotron spectral in-
dices is quite subtle with the largest differences occurring in the
extended disk and interarm regions: i.e. in regions where the in-
jection of CREs is low. In these regions, the 1.4 GHz–333 MHz
spectrum is naturally the steepest, with the CREs emitting at
1.4 GHz losing their energy most rapidly. The flattest spectrum
is between 333 MHz–151 MHz, where energy losses are lower
than at 1.4 GHz.
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Fig. 10. Modelled spectral indices between three different frequencies
(1.4 GHz, 333 MHz and 151 MHz) from the fixed magnetic field model
with B = 10 µG and Dr = 2.8 × 1028cm2 s−1. The observed spectral
index between 151 MHz and 1.4 GHz is also shown.
Increasing Q(r), the injection rate of CREs, does not alter
the steady-state spectral index of the galaxy. It does increase the
time needed for the model to stabilise, as the time that the injec-
tion term is dominant becomes longer making the rapid change
in spectral index seen in Fig. 9 when energy losses become im-
portant occur later.
5.2. Model with energy losses and varying magnetic field
strength
Now we include a radially varying magnetic field strength in
our model, using the magnetic field profile shown Fig 1(left).
It should be noted that for this profile the magnetic field strength
does not drop to a value of 10 µG until a radius of 11.5 kpc.
Therefore, we expect the CREs to lose their energy faster and
have a shorter diffusion length than in the case of the model with
B = 10 µG.
Fig. 11 shows the different spectral indices between
151 MHz–1.4 GHz obtained using the fixed and varying mag-
netic field profiles. Perhaps surprisingly, both models are similar
up to r = 7 kpc, despite the magnetic field, which enters the
synchrotron energy loss term to the second power, being twice
as strong for r ≤ 1 kpc and systematically stronger than 10 µG
throughout this region. It is only at 7 kpc that the spectra diverge.
This shows that the the injection of CREs plays a more impor-
tant role in shaping the spectrum than the radial distribution of
the magnetic field strength at radii where CREs are being cre-
ated. The main divergence between the two models is only seen
in areas where no CREs are being injected, i.e the outer disk.
The magnetic field strength profile B(r) of M 51 that we are
utilising has been determined from the synchrotron emission at
151 MHz by assuming equipartition between the energy densi-
ties of cosmic rays and magnetic field, using the revised formula
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Fig. 11. Comparison of the synchrotron spectral index 151 MHz–
1.4 GHz between the fixed and variable magnetic field models. In both
modelling runs, Dr = 2.8 × 1028cm2 s−1. The observed spectral index
between these frequencies is shown by the blue points.
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Fig. 12. The 151–1400 MHz spectral index for different B(r) profiles.
These models use Dr = 2.8 ×1028cm2 s−1 unless otherwise stated in the
legend. The observed spectral index is shown by blue points with error
bars.
of Beck & Krause (2005). While the equipartition assumption
tends to give plausible magnetic field strength estimates when
it can be compared to other methods, such as the interpretation
of Faraday rotation measures (e.g. Fletcher et al. 2004), there
is no physical requirement for equipartition, but the interaction
between CREs and magnetic fields leads to an energy balance
beyond some minimum scale in space and time (Duric 1990).
Indeed there is evidence that the assumption does not hold on
sub-kpc scales in the Milky Way (Stepanov et al. 2014). That
equipartition does not hold on small scales is the direct effect
of CR diffusion, as was shown for M31 by (Berkhuijsen et al.
2013). On the other hand, we have just seen that moving from
a model with B = 10 µG at all radii to a model with a strong
dependence of B on radius, had little effect on the spectral index
profile. Next, we shall check how variations of a factor-of-two in
the estimated equipartition magnetic field strength profile change
the spectral index. A factor of two in difference in the equipar-
tition field strength does not necessarily mean a deviation from
equipartition, but could just be due to the uncertainties in the
proton to electron ratio and the pathlength.
Fig. 12 shows spectral index profiles for different estimated
magnetic field strengths. The synchrotron spectrum flattens over-
all for a weaker magnetic field strength since the high energy
CREs lose their energy more slowly. This effect is especially
pronounced in regions where the CRE injection is lower, such as
the interarm region and extended disk. There is a clear degen-
eracy between changing the field strength and changing the dif-
fusion coefficient: increasing the diffusion coefficient has a sim-
ilar effect to decreasing the magnetic strength, as in both cases
the CREs can travel further before they lose significant energy.
Decreasing the magnetic field strength towards zero shows the
synchrotron spectrum to flatten to its injection spectrum as ex-
pected.
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Fig. 13. The 151–1400 MHz spectral index for different diffusion coeffi-
cients using the radial profile of magnetic field strength shown in Fig. 1.
The observed spectral index between these frequencies is shown by the
blue points, with error bars.
Fig. 13 shows how changes in the diffusion coefficient affect
the spectral index. Two types of behaviour are clearly shown: a
higher diffusion coefficient results in a flatter spectrum and also
in a smoother radial profile of the spectral index. Both of these
effects have the same origin, in the differing ratio of CRE prop-
agation to injection. Low Dr means that the CREs tend to lose
their energy, and thus change their spectral distribution, closer to
their source than in the case of a high Dr. Even for the highest
diffusivity, the modelled spectrum is systematically steeper than
the observed spectrum.
So far the synchrotron spectral indices produced by our
model have been systematically too steep compared to the ob-
servations. We saw in Fig. 12 that reducing the magnetic field
strength by a factor of two does not flatten the spectrum suffi-
ciently neither does increasing the diffusion coefficient to Dr =
1 × 1029cm2 s−1, a very high diffusivity, as seen in Fig. 13. We
shall now address this inconsistency.
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6. Vertical escape of CREs from M 51
All of the models we have considered so far have produced spec-
tra that are steeper at all radii than those observed. This is be-
cause the CREs in the model are losing too much energy before
leaving the system, either via diffusion across the outer bound-
ary at r = 15.05 kpc or by losing sufficient energy to be removed
from our lowest energy bin at E = 10 MeV. In all of these mod-
els we have only considered diffusion in the radial direction.
However, it is inevitable that there will also be diffusion in the
vertical direction and that this will lead to CREs being lost to the
galaxy. Since the scale height of the galaxy is smaller than its
radial extent, the escape time due to diffusion in the vertical di-
rection will be shorter than the time taken to diffuse to the outer
radial boundary, if the diffusivity is the same in each direction.
The timescale for CREs to diffuse one magnetic field scale
height h from the disc mid-plane is
τ =
h2
Dz
, (8)
where Dz is the diffusion coefficient in the vertical direction.
A similar relation governs the time for CREs to diffuse from
the galaxy centre to the outer radius, with r and Dr replacing
h and Dz respectively. Thus the time scale for vertical losses is
much shorter than that for radial losses, by the factor r2/h2 ≈
152/52 = 9, if the diffusion is isotropic with Dr = Dz. Models
by Segalovitz (1977) and Lacki et al. (2010) include a simple
escape term, controlled by an escape time τesc.
6.1. Vertical escape of CREs by diffusion
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Fig. 14. Spectral index of M 51 for different diffusion coefficients both
in radial and vertical directions.
In order to include vertical diffusion in our model we use
Eq. (8) to define the escape time τ in the last term on the right
hand side of Eq. (5), set Dz = Dr unless otherwise specified
and adopt the best available model for the magnetic field scale
heights of M 51 that we have. Berkhuijsen et al. (1997) estimated
the synchrotron scale height for M 51 at λ20.5cm as a function
of radius. The values found correspond to magnetic field scale
heights of h = 3.2 kpc at radii 3 < r < 6 kpc rising to h = 8.8 kpc
for 12 < r < 15 kpc. Our model here uses the magnetic field
scale height. The result is shown in Fig 14.
When Dr = Dz = 6.6 ± 0.2 × 1028cm2 s−1 the modelled
spectral index produces a very good match to the observational
data, with the regions at 2 < r < 3 kpc and 5 < r < 12 kpc being
within the error bars. The interarm-dominated ring at 3 kpc, has a
steeper observed spectrum than neighbouring radii, which is not
matched by the model spectral indices. Since the source function
Q(r), derived from the observed star formation rate, is weaker at
this radius, this may indicate that there should be a dependence
of the diffusivity on the star formation rate. Additionally, there
is still a thermal contribution in the 1.4 GHz data which would
make the observed spectra flatter than the modelled synchrotron-
only spectra, but this effect would be weakest where the thermal
emission is weakest, in the interarm regions. The non thermal
spectrum for values Dz < 5.6 × 1028cm2 s−1 are seen to be too
steep compared to the observational data.
For Dz = 6.6 × 1028cm2 s−1, we obtain an escape time i.e.
the timescale on which the CREs leave the galaxy of 11 Myrs at
the centre of M 51 and 88 Myrs at a radius of 12 kpc. For com-
parison, based on measurements from the ULYSSES high energy
telescope, Connell (1998) found, from measurements of 10Be (an
ideal CR clock), that the confinement time of cosmic rays in the
Milky Way was found to be is 26+4
−5 Myrs.
The variation of the scale height with radius has a more pro-
nounced effect on the model’s spectral index distribution than
the variations in magnetic field strength discussed in Sect. 5.2.
Fig. 15 shows the difference between the spectra obtained from
a model using a constant magnetic scale height of 5.6 kpc from
Mao et al. (2015). The difference in spectral index is not con-
stant, varying from 0.08 in the central region of M 51 to 0.16 at
around 11 kpc.
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Fig. 15. The comparison of the radial spectral index of M 51 using a
constant and varying scale height with radius.
Compared to other galaxies, Berkhuijsen et al. (2013)
showed that in M 31 most of the CREs are confined to a thin
non thermal disk with an exponential scale height of 0.3 ∼ 0.4
kpc at 1.4 GHz, whereas in M 33 many CREs move out of the
thin disk into a thick disk / halo with scale height of ∼ 2 kpc at
1.4 GHz. A thick non thermal disk or halo in M 33 is consis-
tent with the higher SFR in M 33 and the existence of a vertical
magnetic field component.
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6.2. Comparison between analytical and numerical models
Segalovitz (1977) compared analytic models for the CRE
propagation in M 51 to spectral index measurements between
610 MHz–1.4 GHz, obtained with the Westerbork Synthesis Ra-
dio Telescope in the 1970s. We will compare the most realistic
of Segalovitz’s models, which takes the source distribution to be
a step-function in radius and fixes the lifetime for CREs in the
galaxy as 30 Myr, with our numerical model. We use the same
parameters as Segalovitz: D = 1 × 1029cm2 s−1, B = 5 µG and
the energy spectral index of the CRE sources is p = 2.18.
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Fig. 16. Comparison between the analytical model of Segalovitz (1977)
and the numerical model developed from this work, using the parame-
ters described in the text.
Fig. 16 shows the predicted 610 MHz–1.4 GHz spectral in-
dex for the analytical model of Segalovitz (1977) and our numer-
ical model. Up to 5 kpc, both models agree very well. At radii
greater than 6 kpc, the models diverge with the analytical model
flattening slightly at 7 kpc and gently decreasing to α = −0.8 at
12 kpc. Our numerical model shows that α does not flatten but
steepens at a greater rate with α > −1.0 at 12 kpc. Thus, the sim-
ple analytic model, which can be solved exactly using a Green’s
function, performs well in the part of the disc where the CRE
sources are significant but fails to properly account for CRE en-
ergy losses where the sources are weak.
6.3. Energy dependent diffusivity
There is debate about the relevance of the energy dependence of
the diffusion coefficient (Ptuskin 2006) at low energies, which
correspond to low radio frequencies.
Firstly, the energy at which the energy dependence in diffu-
sion becomes relevant is usually at 1 GeV according to Strong
et al. (2007) and Condon (1992). Some studies, when investigat-
ing the FIR–Radio correlation (Murphy et al. 2008; Tabatabaei
et al. 2013) routinely use this energy value. Others claim that the
energy dependence in diffusivity does not become relevant until
4 GeV (van der Walt 1997). For energy dependent diffusion, it
is found from observations from Voyager-2 of beryllium isotope
ratios at the Solar Circle that the confinement timescale for par-
ticles ≥ 3 GeV is dependent on energy (Webber & Higbie 2003).
The dependence of the CRE lifetime in the Galaxy, tdiff , on CRE
energy E,
tdiff(E) = 26 Myr
( E
3GeV
)−1/2
, (9)
is used in models by Lacki et al. (2010). This 3 GeV condition
they use allows them to model the radio far infrared correlation
from normal spirals to dense starburst and were able to repro-
duce a linear correlation consistent with both local and integrated
Galactic constraints on the energy in CR protons. Finally, the re-
view of Blasi & Amato (2012) indicates that the energy depen-
dence begins at 3 GeV.
Assuming diffusion is isotropic, we can study the effect of a
varying diffusivity for electrons of different energies by writing
D(E) =
{
D0 ifE ≤ E0
D0Eκ if E ≥ E0
(10)
where κ determines how strong the variation in diffusivity is and
E0 sets the energy at which energy dependent diffusion becomes
important. The diffusive escape time using this model is
tdiff(E) = h
2
Dz
(
E
E0
)−κ
, (11)
where h is the scale height of the galaxy.
The value of κ is uncertain and depends upon the theoret-
ical model for diffusion. Using quasi-linear theory and a mag-
netic field with a Kolmogorov-like power spectrum of magnetic
fluctuations, (Schlickeiser 2002) obtained κ ≈ 0.3. Utilising a
full Bayesian parameter estimation for GALPROP, Trotta et al.
(2011) found that κ = 0.3 obtained the best global fit with second
order Fermi acceleration as the source of cosmic rays at lower
energies. This allowed a better reproduction of the Boron/Carbon
ratio. Using a weakly non-linear theory, Shalchi & Schlickeiser
(2005) found κ = 0.5–0.6 and were able to successfully predict
the abundance ratio of secondary to primary cosmic ray nuclei
in the Milky Way. However, the strong diffusion resulting from
κ = 0.5–0.6 leads to a large cosmic ray anisotropy (Ptuskin et al.
2006).
In order to investigate these questions, we implemented the
above energy dependent diffusion equations into our model and
varied several parameters such as κ, E0 and D0. The injection
was kept at γ0=2.0. Fig. 17 shows the result of these tests; that
the implementation of the energy dependence in the diffusion co-
efficient makes the spectrum too steep. Additionally, the change
of spectral index with radii is too small. The most inaccurate val-
ues are seen with κ = 0.5 and E0 = 1 GeV. We can say confidently
that the energy dependence in the diffusion coefficient does not
play a part at such energies.
For E0 = 3 GeV, we find again that the spectrum is too steep
compared to observations, but the change of spectral index with
radii is closer to what is observed. This gives us the indication
that the energy dependence of the diffusion coefficient starts to-
wards higher energies and is not important for energies in the
range 0.01–3 GeV.
If the energy dependence in the diffusion coefficient becomes
relevant at energies above 4 GeV, one would expect that this
would effect only the CRE population emitting above 3-4 GHz.
The energy dependence of diffusion, while not directly operating
at the energies where the CREs are emitting, can still affect the
spectral index at lower energies. This is due to the fact that the
CREs at higher energies are able to leave the galaxy faster and
therefore a smaller CRE population are able to lose their ener-
gies and cascade into 1.4 GHz energy emitting range. This would
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Fig. 17. Comparison between energy dependent diffusion, with different
energy dependence, diffusion coefficient and starting energy in Eq. (11)
.γ0 is always set to 2.0.
decrease the flux emitted at 1.4 GHz and therefore steepen the
nonthermal spectrum. Alternatively, if energy dependent diffu-
sion is not present, the CRE population at higher energies is now
greater as they leave the galaxy at the same rate as the lower
energy CREs. These CREs then pass down to 1.4 GHz energy
emitting range and increase the flux thereby flatten the nonther-
mal spectrum. This effect is also seen in our model.
7. Radio continuum scale lengths
From the observed radio continuum maps, the radial profile of
M 51 at four frequencies was calculated in concentric rings, with
the position angle of the major axis and the inclination of the
galaxy taken into account using the values from Table 1. Data at
151 MHz (Mulcahy et al. 2014), 325 MHz (this work), 1.4 GHz
and 4.8 GHz (Fletcher et al. 2011) were used. Background point
sources were removed by fitting Gaussians to them before mea-
suring the radial profile. Several background point sources lo-
cated in the disk were also blanked out. Additionally emission
from, the companion galaxy, NGC 5195, was subtracted. The ra-
dial profiles are shown in Fig. 18. The difference between radii
dominated by arm and interam regions is more apparent at the
higher frequencies but becomes smeared out with decreasing fre-
quency. This is due to the faster energy losses of high energy
CREs which results in them only diffusing a short distance from
their source.
The modelled radial distribution of the CRE populations at
different frequencies can be seen in Fig. 19, obtained with Dr =
Dz = 6.6 × 1028cm2 s−1. The observed radio continuum profile
changes slope at approximately 5 kpc. This effect was also seen
by Mulcahy et al. (2014), the presence of NGC 5195 created a
much more obvious change. Such a change in slope in the ob-
served radio continuum is also observed in M 101 (Berkhuijsen
et al. 2016). A similar radial distribution of emissivity is also
seen in the modelled profiles but the change in slope occurs at
a slightly larger radius of 6 kpc. The change in radial profile be-
comes less obvious at lower frequencies, both in the model and
observations. This break coincides with a break seen in the star
formation and magnetic field profiles shown in Fig. 1.
We fitted exponential profiles of the form I(r) = I0 exp−(r/l)
to the radial ranges 1 kpc ≤ r ≤ 6 kpc (avoiding the galactic
nucleus, where there is weak AGN activity) and 6 kpc ≤ r ≤
12 kpc. The fitted exponential scale lengths are shown in Table. 2
for both observations and our model.
The scale lengths increase with decreasing frequency, which
is what one would expect as the CREs at low frequencies lose
their energies at a slower rate and therefore can travel further,
thus increasing the scale length. Both the models and observa-
tions show that the scale length in the outer disk is significantly
less that the inner disk. This is due to the fact that there are few
sources of CREs in the outer disk (in our model there is no in-
jection of CREs at large radii at all). The smaller scale lengths
in the outer disk of M 51 are due to propagation effects: the ab-
sence of sources at r > 8 kpc (in the model Q = 0 for r > 8 kpc,
in the galaxy Q → 0 at large r) means that the emitting CREs
have arrived from the inner galaxy and have already lost energy
on the journey. Our model consistently underestimates the scale
length at all frequencies for both the inner and outer disk. This
is likely because there are some CREs sources at larger radii.
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Fig. 18. The radial profile of the radio continuum for M 51 at several
frequencies.
The observed and modelled scale lengths are plotted against
frequency in Fig. 20. Although the scale lengths derived from
the model are systematically shorter than those observed, both
model and observations show a similar dependence of l on ν.
We have fitted a power law to the scale lengths against fre-
quency for both model and observed values. The results of these
fits are shown in Table 3.
We can derive the expected dependence of l on ν as follows.
The diffusion length is
l ∝
√
D · tsyn (12)
with the synchrotron lifetime given by
tsyn ∝ B−3/2ν−1/2 (13)
thus
l ∝ ν−1/4B−3/4. (14)
Both our model and the observed data show this dependence
of scale length on frequency in the outer disk up to frequencies
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Frequency Modelled scale length Observed scale length Modelled scale length Observed scale length
(R <6 kpc) (R <6 kpc) (R >6 kpc) (R >6 kpc)
MHz kpc kpc kpc kpc
4800 - 3.1±0.4 - 2.2±0.1
3000 2.46±0.01 - 1.38±0.01 -
1400 2.82±0.05 3.5±0.5 1.80±0.02 2.3±0.1
610 3.17±0.05 - 2.28±0.02 -
325 3.38±0.05 3.8±0.4 2.62±0.02 3.3±0.1
151 3.64±0.08 4.7±0.6 3.07±0.03 3.6±0.2
50 3.85±0.07 - 3.47±0.04 -
Table 2. Exponential scale lengths of the model CRE population radial profiles.
0 2 4 6 8 10 12
R (kpc)
10-3
10-2
10-1
100
101
102
N
 (
R
)
3 GHz
1.4 GHz
610 MHz
325 MHz
151 MHz
50 MHz
Fig. 19. The radial profile of the CRE population for several frequen-
cies, obtained from our model.
of 1.4 GHz. Beyond this frequency, the energy dependence could
start becoming important. In the outer galaxy, the CRE sources
are either non-existent (the model) or very weak (the galaxy) and
so the balance of, diffusion to energy loss rate (approximated by
tsyn above) plays the dominant role in shaping the scale lengths
and spectra. In the inner galaxy the distribution of CRE sources
Q(r) must also be taken into account and so the simple estimate
of l ∝ ν−1/4 derived above no longer applies.
Two exceptions to the systematic decrease of the scale length
with frequency are shown in Fig. 20. The first exception is that
the modelled synchrotron emission at 50 MHz, in both the inner
and outer galaxy, has a shorter exponential scale length than ex-
pected from the fitted power law. This would mean that a a very
extended disk in M51 will be difficult to observe at very low
frequencies with the LOFAR LBA. The second exception being
that the observed scale length in the outer galaxy at 4.8 GHz is
longer than expected.
The scale length for the observed continuum at the outer disk
for 4.8 GHz is very similar to 1.4 GHz. This is not seen in our
model and could be due to either errors in the observed data or
an incorrect assumption of the model. (The most likely source of
observational error is probably in the combination of single dish
and interferometric measurements.)
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Fig. 20. Measured continuum and modelled CRE population scale-
lengths, with fitted power laws shown in red. The blue and black data
points signify the observed and modelled scale lengths respectively.
(R <6 kpc) (R >6 kpc)
Model -0.13±0.01 -0.26±0.02
Observed -0.11±0.02 -0.21±0.03
Table 3. Fitted power law with frequency against scale length for both
observed continuum and modelled CRE population.
8. Discussion
The results from our numerical models show that a diffusion co-
efficient of approximately D = 6.6 ± 0.2 × 1028cm2 s−1 matches
observed values of the spectral index between 151 MHz and
1.4 GHz and that diffusion alone is sufficient to replicate the ob-
served spectral values. This value is greater than what is found
in Mulcahy et al. (2014), with D = 3.3 ×1027cm2 s−1. While this
is smaller compared to the value found in this work, it should be
noted that the value found in Mulcahy et al. (2014) is only an
approximation, accurate to the order of magnitude of the diffu-
sion coefficient. The value for the diffusion coefficient found in
this work using a much more sophisticated model is deemed to
be more accurate. One issue with the estimation from Mulcahy
et al. (2014) could have been the underestimating of the diffu-
sion length. The diffusion length was chosen by comparing the
correlation between radio and FIR data and a small change to the
criteria used to select the correlation scale would result in a dif-
fusion length at 151 MHz to be approximately 2 kpc which leads
to D = 6.6 × 1028cm2 s−1, in agreement with our present results.
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We find that the value of the diffusion coefficient found in
this work, while comparable is larger to what is found for the
range of perpendicular diffusion values Buffie et al. (2013). We
would anticipate that the diffusion coefficient parallel to the mag-
netic field lines would dominate in our work, both in the disk and
halo and therefore we would expect a larger diffusion coefficient.
Additionally, our value for the diffusion coefficient parallel to the
magnetic field lines in M 51 is smaller than what is observed in
NGC 253 (Heesen et al. 2009), which is expected as NGC 253 is
a powerful starburst galaxy.
The observed radio continuum emission that we have used to
compute spectra and scale lengths still contains free-free emis-
sion. This thermal component at 151 MHz is expected to be very
low and will not affect the results at the level of accuracy at
which we can work. But at 1.4 GHz, the thermal fraction could
be of order 10% on average, higher in the inner galaxy where
the star formation rate is higher and lower in the outer galaxy.
This would lead to flatter observed spectra, especially in the star
forming region of the disc r . 6 kpc.
While we exclude energy dependent diffusion at energies
less than E0 = 3 GeV (Sect. 6), further investigation is needed
for the energy ranges greater than 4 GeV. This would help us de-
termine whether a strong (κ = 0.5 ∼ 0.6) or weak (κ = 0.3) scal-
ing of diffusivity with CRE energy holds true. However an ac-
curate thermal separation at frequencies greater than 1.4 GHz is
necessary to derive synchrotron spectra that are reliable enough
to test energy dependent diffusion at these energies. At even
lower frequencies (LBA frequencies), free-free absorption will
become especially relevant and would need to be included into
this model as it has been neglected in this work.
Not only do relativistic electrons leave via diffusion but in
starburst galaxies, large scale galactic winds can advect CREs
out of the disk into the halo with a short timescale compared to
diffusion observed in M82 (Adebahr et al. 2013) and NGC253
(Heesen et al. 2009). There is no observational evidence for
a global outflow or a galactic-scale wind in M 51 (Mao et al.
2015). Our results show that isotropic diffusion in the vertical
and radial direction fits the observed spectrum most accurately
and there is no need for a wind. If CRE diffusivity is much
lower in the z direction, then a wind could possibly exist. It is
shown observationally (Dahlem et al. 1995; Heesen et al. 2009)
that the diffusion coefficient in the z direction is several times
lower than the radial component. Heesen et al. (2016), using 1-
D cosmic ray electron transport models and Australia Telescope
Compact Array observations of two edge-on galaxies, found that
the cosmic ray transport in the halo of NGC 7090 is advection
dominated with a velocity of approximately 150 km s−1, while
NGC 7462 is diffusion dominated with a diffusion coefficient of
D = 3.0×1028E0.5GeV . In the case of M 51, an upper limit for such a
wind if Dz = 0 would be 100 km s−1 for the centre of the galaxy.
In the case that Dz < Dr but not equal to zero, then a combination
of outflow and vertical diffusion may be necessary What is cer-
tain is that a significant amount of CREs are needed to leave the
disk into the halo and thus a significant vertical magnetic field
needs to exist in M 51 to produce the observable spectrum.
Improvements could be made in the radial distribution of the
CRE injection source, as we have assumed no injection of CREs
beyond 7.5 kpc. Thornley et al. (2006) determined the star for-
mation rate (SFR) for regions with faint HI and infrared emission
up to 13 kpc from the centre of the galaxy. However, no radially
averaged SFR was computed and it was found that the star for-
mation efficiency in the extended disk was several magnitudes
lower than the star forming region. This could be important to
why the modelled scale length for the outer disk is shorter than
what is observed, as including injection in this region would in-
crease the scale length. In case of CRE diffusion, equipartition
is not valid in the outer disk, i.e. the field strength is underesti-
mated and so are the synchrotron losses. This would make the
model spectral index somewhat steeper in the outer parts. Addi-
tionally, inaccuracies on the scale height with radius could also
play a role in these inaccuracies, especially if Dz has a radial
dependence.
In this work we have assumed that the diffusive transport of
CREs is described by a scalar diffusion coefficient whereas a
diffusion tensor is required to take into account that the paral-
lel and perpendicular diffusion are different (Shalchi et al. 2010)
(Jokipii 1966). In addition to this, anisotropic diffusion is also
seen to be essential for CR-driven magnetic dynamo action in
galaxies (Hanasz et al. 2009). Including a moderate anisotropy
for diffusion has given more consistent results with recent esti-
mates of the local interstellar proton spectrum compared to nor-
mal isotropic diffusion (Effenberger et al. 2012). As this model
has only one spatial dimension , we are only implementing a one
halo model. A two halo model would be more physical consis-
tent (Tomassetti 2015) as the increased turbulence in the disk,
compared with that of higher latitudes would produce a spatial
change in the CRE diffusion properties.
8.1. Predictions of the spectral index of M 51 at LBA
frequencies
LOFAR (van Haarlem et al. 2013) consists of two different types
of antenna, LBA (Low Band Antenna) and HBA (High Band
Antenna),operating at frequenices of 10-80 MHz and 120-240
MHz respectively. Fig. 21 shows the variation of the spectral
index between 50 MHz–151 MHz with radius predicted by our
model, using D = 6.6 × 1028cm2 s−1. The spectrum is expected
to be significantly flatter at all radii, due to the slower energy
losses of CREs at these energies. However, this does not take
into account absorption of the synchrotron emission by thermal
plasma, which can be important at low frequencies.
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Fig. 21. Prediction of the radial variation of the spectral index between
50 MHz–151 MHz (black line), plotted with the observed points with
error bars and modelled spectra between 151 MHz–1.4 GHz.
Mulcahy et al. (2014) observed a spectral index of −0.47 ≤
α ≤ −0.52 between 151 MHz–1.4 GHz in the central region and
inner spiral arms of M 51, which is flatter than expected from
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CRE acceleration models. If this flattening is indeed caused by
thermal free-free absorption, then we would expect the spectral
index to be slightly flatter than shown in Fig. 21, especially for
r . 2 kpc where the SFR and thus thermal electron density are
high.
LOFAR LBA observations are in progress and the compari-
son between this prediction and observations will be explored in
a further paper (Mulcahy et al. in prep). Observations of M 51
from LOFAR LBA would let us probe even further into the ex-
tended disk and give us more a more accurate nonthermal spec-
tral index and magnetic field strengths beyond 12 kpc.
9. Conclusions
High-resolution low-frequency observations of nearby galaxies
can now be made with new interferometers such as LOFAR.
These data are particularly useful for studying the propagation
of CREs as they are essentially uncontaminated by thermal ra-
dio emission and the wide gap in frequency to readily available
1.4 GHz maps allow accurate spectral indices to be determined
as a function of position in the galaxy. Thus observations and
modelling of external galaxies will be a useful adjunct to stud-
ies of CRE propagation in the Milky Way, such as those using
the GALPROP code (see discussion in e.g. Strong et al. 2007;
Grenier et al. 2015).
Our main findings are summarised as follows:
1. Transport by diffusion alone is sufficient to reproduce the ob-
served radial spectral index profile of M 51.
2. We find an isotropic diffusion coefficient of D = 6.6 ± 0.2 ×
1028cm2 s−1 can fit the observed spectral index of M 51 at all
radii.
3. The escape time of CREs in M 51 is about 11 Myr in the
inner galaxy, increasing to over 88 Myr in the outer galaxy.
4. We are able to replicate the break seen in the observed total
intensity radial profiles at approximately 6 kpc. This is due
to a break in the star formation rate, which determines the
injection rate for CREs at this radius.
5. Energy dependence of the diffusion coefficient is not needed
at the CRE energies in the range 0.01 GeV–3 GeV. Reliable
high frequency observations which have been thermally sub-
tracted are essential to investigate if the energy dependence
becomes important at higher CRE energies.
6. We predict that the low frequency non-thermal spectrum be-
tween both observing bands of LOFAR should be flatter than
−0.6 for r < 6 kpc and steepen to −0.7 at the edge of the
galaxy. Any major deviation from this spectrum could sig-
nify other physical effects are in play such as free-free ab-
sorption.
7. We are able to replicate the frequency dependence of the
observed scale lengths with a dependence of approximately
l ∝ ν−1/4 and l ∝ ν−1/8 for the outer and inner disk, respec-
tively.
8. The radio continuum scale length predicted for frequencies
below 100 MHz, is smaller than expected from the observed
and modelled frequency dependence of the scale length and
would mean that a very extended disk in M 51 will be diffi-
cult to observe.
Obvious extensions to this work, such as including a time
dependent CRE injection in the form of the star formation his-
tory of the galaxy, inserting a radial dependence on the diffusion
coefficient, using the 2D spectral index map to include arm and
interam variations in the model of M 51 and other face-on galax-
ies where low frequency radio continuum data is available and
using new low-frequency observations with LOFAR to model
vertical variations in the synchrotron spectral index in edge-on
galaxies, are planned.
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